Holographic Superconductors in a Rotating Spacetime by Lin, Kai & Abdalla, Elcio
ar
X
iv
:1
40
3.
74
07
v3
  [
he
p-
th]
  1
7 O
ct 
20
14
Holographic Superconductors in a Rotating Spacetime
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We consider holographic superconductors in a rotating black string spacetime. In view of the
mandatory introduction of the Aϕ component of the vector potential we are left with three equations
to be solved. Their solutions show that the effect of the rotating parameter a influences the critical
temperature Tc and the conductivity σ in a simple but non trivial way.
PACS numbers: 11.25.Tq, 04.70.Bw, 74.20.-z
I. INTRODUCTION
The use of the AdS/CFT (Anti de Sitter/Conformal
Field Theory) correspondence has been recently proposed
by Hartnoll, Herzog and Horowitz for the investigation
of the strongly correlated condensed matter physics from
the gravitational dual[1]. It generally shows that the in-
stability of black strings corresponds to a second-order
phase transition from the normal state to a superconduc-
tor state with the spontaneous U(1) symmetry breaking
and leads to interesting physics in the related lower di-
mensional physics.
Such a breakthrough result has been widely used more
recently to model conductivity and other condensed mat-
ter physics properties, in particular, holographic super-
conductor in various spacetimes[2]. Most authors con-
sidered, up to now, the holographic superconductor on
a static background. However, we still have room for
the other hair, namely angular momentum, on the top
of mass and charge. Or, equivalently, we can say that a
real black string (or black hole) could have angular mo-
mentum in the background. It is thus our goal to study
the holographic superconductor related to the 4 dimen-
sional rotating black hole. We consider the simplest un-
charged background case and we will use both analytical
and numerical methods to find the critical temperature
and conductivity of the holographic superconductor re-
lated to the rotating black hole background.
The paper is planned as follows. In section II, we in-
troduce the metric of the uncharged rotating black hole
and calculate the Hawking radiation and Hawking tem-
perature. Then, the analytical and numerical methods
are applied to find the conductivity of such a black hole
in sections III and IV respectively. In section V and VI,
we want to improve the analytical method to research the
holographic superconductor with backreactions. Section
VII includes a summary and a conclusion.
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II. UNCHARGED ROTATING BLACK
STRINGS AND HAWKING TEMPERATURE
The simplest uncharged rotating black string in 4 di-
mensional ADS spacetime is given by[3][4]
ds2 = −f(r) (Ξdt− adϕ)2 + r2
( a
l2
dt− Ξdϕ
)2
+
dr2
f(r)
+
r2
l2
dθ2, (2.1)
where f(r) = r
2
l2 − 2Mr and Ξ = 1+ a
2
l2 ; M and a are the
mass and rotation parameters of the black string, while
Λ = −3/l2 is the cosmological constant. Without loss of
generality, we set l = 1 and rewrite the function f(r) as
f(r) = r2 − r
3
h
r
, (2.2)
where rh is event horizon of the AdS black hole. Al-
though a very simple model of rotation, the results will
show dependence on the above rotation parameter a. Ro-
tation is one of the few possible hairs of a Black Hole and
corresponds to a general solution of the end fate of a col-
lapsing star. The solution we are considering is well sim-
pler than the full rotating Kerr solution, but is a sensible
and consistent model. On the other hand, rotation in a
physical condensed matter system is generally related to
spin and corresponds also to a generic physical system.
We first find the Hawking radiation and temperature
of such a black hole solution. A simple and effective
method to study the Hawking radiation is the tunneling
radiation theory of black holes proposed by Robinson and
Wilczek et al [5]. Developing the tunneling theory, the
Hamilton-Jacobi method has been proposed to compute
the Hawking tunneling rate and Hawking radiation at the
horizon of the black hole [6]. We use that method to find
the Hawking tunneling radiation and the temperature of
the black hole.
Let us consider the semi-classical Hamilton-Jacobi
equation [6]
gµν
∂S
∂xµ
∂S
∂xν
+ µ20 = 0, (2.3)
where µ0 is the mass of the radiation particle. We shall
use a semi classical approximation to find the Hawking
radiation and temperature of the Black Hole.
2In the rotating black string spacetime, we separate the
Hamilton-Jacobi equation as
S = −ω0t+R(r) +m0ϕ+ Y (θ), (2.4)
where, ω0 andm0 are the energy and angular momentum
of particles respectively, so that we obtain the radial and
angular Hamilton-Jacobi equations as
f2R′2 − (Ξω0 −m0a)
2
(a2 − Ξ2)2
+ f
[
(aω0 −m0Ξ)2
r2(a2 − Ξ2)2 +
λ
r2
+ µ20
]
= 0 ,
(
dY
dθ
)2
= λ , (2.5)
where λ is a constant. At the event horizon r0, we can
expand the function f as
f(r) = f ′(rh)(r − rh) + f
′′(rh)
2
(r − rh)2 + · · · , (2.6)
and get
R± = ± iπ
f ′(rh)
ω0 − m0aΞ
Ξ− a2Ξ
, (2.7)
where R+ and R− are the radial outgoing and incoming
modes, respectively [5]. Therefore, the tunneling rate at
the event horizon is
Γ = e−2(ℑR+−ℑR−) = exp
(
− 4π
f ′(rh)
ω0 − m0aΞ
Ξ− a2Ξ
)
,(2.8)
while the Hawking temperature is given by [5]
Th =
f ′(rh)
4̺π
=
3rh
4̺π
(2.9)
where ̺ = ΞΞ2−a2 =
1+a2
1+a2+a4 .
We thus find that the form of the Hawking temper-
ature is very similar to the temperature of static black
hole, while the ̺ in Eq.(2.9) depends on the rotation pa-
rameter a. We use the results to analyse the holographic
superconductor in the next section.
III. HOLOGRAPHIC SUPERCONDUCTOR
MODES AND ANALYTICAL INVESTIGATION
In the rotating black hole spacetime background, the
Lagrangian density of the simplest holographic supercon-
ductor model with a Maxwell field and a charged complex
scalar field is
L = −1
4
FµνFµν − |∂Ψ− iAΨ|2 − m
2
L2
Ψ2 , (3.1)
where Fµν = ∂µAν − ∂νAµ and Ψ = Ψ(r) since gµν only
depends on r. As in the static background spacetime
case, Aµ = δ
t
µΦ(r), but in the rotating black string back-
ground, we must set Aµ = δ
t
µΦ(r) + δ
ϕ
µΩ(r) in view of
the presence of the gtϕ term.
From the variation of Eq.(3.1), we get three equations.
They are
Ψ′′ +
(
f ′
f
+
2
r
)
Ψ′ +
[
(1 + a2)Φ + aΩ
(1 + a2 + a4)f
]2
Ψ
+
[
(1 + a2)Ω + aΦ
r(1 + a2 + a4)f
]2
Ψ− m
2
L2f
Ψ = 0(3.2)
Φ′′ +
[
2(1 + a2)2
(1 + a2 + a4)r
− a
2f ′
(1 + a2 + a4)f
]
Φ′
−2Ψ
2
f
Φ+
[
2(a+ a3)
(1 + a2 + a4)r
− a(1 + a
2)f ′
(1 + a2 + a4)f
]
Ω′ = 0(3.3)
Ω′′ −
[
2a2
(1 + a2 + a4)r
−
(
1 + a2
)2
f ′
(1 + a2 + a4)f
]
Ω′
−2Ψ
2
f
Ω−
[
2(a+ a3)
(1 + a2 + a4)r
− a(1 + a
2)f ′
(1 + a2 + a4)f
]
Φ′ = 0(3.4)
The boundary condition at the horizon requests Aµ to
be finite. The solutions of above equations at infinity are
given by
Ψ =
√
2〈O1〉
r∆−
+
√
2〈O2〉
r∆+
+ · · · ,
Φ = µ− ρ
r
+ · · · ,
Ω = ν − ζ
r
+ · · · , (3.5)
where ∆± = 32 ±
√
9
4 +
m2
L2 implying that ∆ satisfies
1
2 <
∆ < 3. In the following, we set L = 1.
Siopsis and Therrien proposed an effective analytic
method to calculate the critical temperature of holo-
graphic superconductor in static spacetime[7]. We gen-
eralize such a method for the rotating black hole case in
this section.
According to that procedure, we change the coordi-
nates as z = r0/r and the field equations can be rewritten
as
zΨ,zz − 2 + z
3
1− z3Ψ,z +
z
[(
a2 + 1
)
Φ+ aΩ
]2
(a4 + a2 + 1)
2
r20 (1− z3)2
Ψ
+
z
((
a2 + 1
)
Ω + aΦ
)2
(a4 + a2 + 1)
2
r20 (z
3 − 1)Ψ−
m2
z (1− z3)Ψ = 0,(3.6)
Φ,zz − 3a
2z2Φ,z
(a4 + a2 + 1) (z3 − 1) −
2Ψ2
z2 (1− z3)Φ
− 3a
(
a2 + 1
)
z2Ω,z
(a4 + a2 + 1) (z3 − 1) = 0 , (3.7)
Ω,zz +
3
(
a2 + 1
)2
z2Ω,z
(a4 + a2 + 1) (z3 − 1) −
2Ψ2
z2 (1− z3)Ω
3+
3a
(
a2 + 1
)
z2Φ,z
(a4 + a2 + 1) (z3 − 1) = 0 . (3.8)
At the critical temperature Tc, we have Ψ = 0, thus
Eqs.(3.7) and (3.8) become
Φ,zz − 3a
2z2Φ,z
(a4 + a2 + 1) (z3 − 1)
− 3a
(
a2 + 1
)
z2Ω,z
(a4 + a2 + 1) (z3 − 1) = 0
Ω,zz +
3
(
a2 + 1
)2
z2Ω,z
(a4 + a2 + 1) (z3 − 1)
+
3a
(
a2 + 1
)
z2Φ,z
(a4 + a2 + 1) (z3 − 1) = 0. (3.9)
Therefore, we can rewrite above equations as Ω,z =
Ω,z (Φ,zz,Φ,z) and Φ,z = Φ,z (Ω,zz,Ω,z), and then substi-
tute into Eq.(3.9) again, so that the decoupling equations
are given by
Φ,zzz +
2
z
2z3 + 1
z3 − 1 Φ,zz = 0
Ω,zzz +
2
z
2z3 + 1
z3 − 1 Ω,zz = 0 (3.10)
and the solutions are
Φ = µ− ρz + C1
[√
12 arctan
(
1 + 2z√
3
)
+ ln
(
1 + z + z2
(1− z)2
)]
,
Ω = ν − ζz + C2
[√
12 arctan
(
1 + 2z√
3
)
+ ln
(
1 + z + z2
(1− z)2
)]
, (3.11)
Considering the boundary condition at the horizon, we
require Φ|z=1 = Ω|z=1 = 0, so that we may set
Φ = λrhc(1− z),
Ω = λ¯rhc(1− z), (3.12)
where λ = ρ
r2
hc
[7], and rhc is the radius of the horizon at
critical temperature. Next, substituting Eq.(3.12) into
Eq.(3.9), we find λ¯ = − a1+a2λ.
According to the idea of Siopsis and Terrien, we in-
troduce Ψ(z) = 〈O∆〉√
2r∆h
z∆F (z) (where F |z=0 = 1, and
F,z|z=0 = 0) to match the boundary condition, and sub-
stitute Eq.(3.12) into Eq.(3.6), which becomes
− F,zz + 1
z
(
2 + z3
1− z3 − 2∆
)
F,z +
∆2z
1− z3F
=
λ˜2
(1 + z + z2)2
F, (3.13)
where λ˜ = λ1+a2 . We observe that the form of Eq.(3.13)
is the same as the results of [7], so we can directly use
the mathematical conclusions about the eigenvalue λ˜
λ˜2 =
∫ 1
0
dz
{
z2∆−2
[
(1− z3) (F,z)2 +∆2zF 2
]}
∫ 1
0
dz
[
z2∆−2 1−z1+z+z2F
2
] ,(3.14)
and assume a very simple trial function F = Fα(z) ≡
1 − αz2. We can thus compute the minimizing value of
λ˜2. Then, using the temperature’s formula, the critical
temperature is given by the expression
Tc =
3
4̺π
rhc =
3
4̺π
√
ρ
λ
=
3
4π
η
√
ρ
λ˜
, (3.15)
where
η =
1
̺
√
1 + a2
=
1 + a2 + a4
(1 + a2)3/2
. (3.16)
From above equations, we can get the relation between
critical temperature Tc and λ˜ which depends on ∆.
In table I we write the results of the analytical method
in the rotating black strings spacetime.
∆ Tc
0.6 0.45504 η
√
ρ
0.8 0.29124 η
√
ρ
1 0.22496 η
√
ρ
1.2 0.18638 η
√
ρ
1.4 0.16066 η
√
ρ
1.6 0.14214 η
√
ρ
1.8 0.12810 η
√
ρ
2 0.11704 η
√
ρ
2.2 0.10809 η
√
ρ
2.4 0.10067 η
√
ρ
2.6 0.09440 η
√
ρ
2.8 0.08903 η
√
ρ
TABLE I: Relation of the critical Temperature Tc and ∆.
It is clearly evident that the conclusion is no other than
the results of [7] as η = 1 (a = 0), and all the correction
depend on η, thus we focus on η.
In Fig. 1 we plot the relationship between η
and a. We find that η < 1 as |a| < a1 where
a1 =
√
22/3
6
[(
25 + 3
√
69
)1/3
+
(
25− 3√69)1/3]− 13 ≈
0.868837. In this region, the correction from a led the
critical temperature Tc to decrease. The minimum value
of η is ηmin =
√
26
√
13
27 − 7027 ≈ 0.937774 at amin =√√
13−3
2 ≈ 0.550251. However, the effect of η leads to
an increase of the critical temperature Tc as |a| > a1.
Further details of holographic superconductor shall be
investigated by a numerical method in the next section.
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FIG. 1: The relationship between η and |a| according to
Eq.(3.16) and in the second diagram the dependence of the
temperature with |a|.
IV. NUMERICAL INVESTIGATION AND
CONDUCTIVITY
In this section, we set m2 = −2, rh = 1, and then use
the the shooting method [1], combining with the bound-
ary condition (3.5) and the main equations (3.2)-(3.4),
to calculate the condensate as a function of temperature.
The results are shown in Fig. 2.
In Fig. 2, it is easy to find that, as the rotating pa-
rameter a increases, the curved line gets lower.
Finally, we study the conductivity. Considering the
perturbed Maxwell field dA = Ax(r)e
−iωtdx, we obtain
the equation
A′′x +
f ′
f
A′x − ̺2
[
1− fa
2
(1 + a2)2r2
]
ω2
f2
Ax
−2Ψ
2
f
Ax = 0 (4.1)
The boundary condition at event horizon requires
Ax(r) ∼ f(r)−i̺ω/3rh , (4.2)
while the behavior of Ax in the asymptotic AdS region is
Ax = A
(0) +
A(1)
r
. (4.3)
Therefore, we can get the conductivity of the supercon-
ductor by using the AdS/CFT dictionary [1]
σ = − iA
(1)
ωA(0)
. (4.4)
We use the above equations to calculate the conduc-
tivity in Figs. 3 and 4. It can be seen that the effect
of a drives the real part of the conductivity smaller and
smaller. For the imaginary part the behaviour is more in-
volved: the frequency times the imaginary part increases
in absolute value.
We also plot −ωImσ with small ω, and the results show
that −ωImσ with different a go to the same constant
as ω goes to 0. This implies superconductivity for zero
frequency.
V. MODIFIED ANALYTICAL METHOD WITH
BACKREACTION
The authors of reference [8] proposed a method to an-
alytically research the holographic superconductor with
backreactions. However, using such a method still poses
a problem: the error will be larger as the backreaction in-
creases. Here, we improve the method in [8] to get more
precise results and use the improved method to study
the holographic superconductors with backreactions in a
rotating black strings spacetime.
Let us consider the general action of holographic su-
perconductor model in the d-dimensional spacetime,
S =
∫
ddx
√−g
[
1
2κ2
(R− 2Λ)− 1
4
FµνFµν
− |∂ψ − iAψ|2 −m2ψ2], (5.1)
where κ2 = 8πGd, Λ = − 12L2 (d− 1)(d− 2), dA = φ(r)dt
and ψ(r) are the d-dimensional gravitational constant,
the cosmological constant, the gauge field and the scalar
field respectively.
In this section, we use d-dimensional static spacetime
as an example to show the improved analytical method
of holographic superconductor. In [8], authors focus on
the d-dimensional planar Anti-de Sitter black hole
ds2 = −f(r)e−χ(r)dt2 + dr
2
f(r)
+ r2hijdx
idxj , (5.2)
where hijdx
idxj is the line element of (d−2)-dimensional
hypersurface with the curvature k = 0.
Considering the backreaction from spacetime, we fail
to directly get the results of f(r) and χ(r), while the
effect from ψ is very small, so that we can expand them
as
f = f0 + ǫ
2f2 + ǫ
4f4 + · · ·
χ = χ0 + ǫ
2χ2 + ǫ
4χ4 + · · · (5.3)
where ǫ ≪ 1. According to the calculation in [8], at the
critical temperature,
φc(z) = λrc(1− zd−3), (5.4)
where φc and rc are At = φ and event horizon position
at critical temperature, while z = rcr and λ = ρ/r
d−2
c (ρ
is the charge density). Therefore, we can get f0 and χ0,
f0 = r
2
cg(z)
= r2c
[
1
L2z2
− z
d−3
L2
− κ2λ2 d− 3
d− 2z
d−3 (1− zd−3)] ,
χ0 = 0 . (5.5)
At first order, we can set ψ = ψCr∆ z
∆F (z) (where m2 =
∆(1 − d +∆) and ψ0 is a constant) and the asymptotic
Anti-de Sitter boundary condition for ψ requests F (0) =
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FIG. 2: The condensate as a function of the temperature for the two operators O1 and O2 in rotating spacetime.
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FIG. 3: The real part of conductivity for the two operators O1 and O2 in rotating spacetime.
1 and F ′(0) = 0. Finally, the equation of motion for F (z)
in [8] is given by
F ′′ +
[
2(∆ + 2)− d
z
+
g′
g
]
F ′ +
[
λ2
(1− zd−3)2
z4g2
+
∆
z
(
∆+ 3− d
z
+
g′
g
)
− m
2
z4g
]
F = 0. (5.6)
From the Sturm-Liouville eigenvalue problem, we get
λ2 =
∫ 1
0 T (F
′2 − UF 2)dz∫ 1
0
TV F 2dz
, (5.7)
where
T = z2(∆+2)−dg,
U =
∆
z
(
∆+ 3− d
z
+
g′
g
)
− m
2
z4g
,
V =
(1− zd−3)2
z4g2
. (5.8)
and we assume F (z) = 1 − az2, which satisfies the AdS
boundary condition.
At the probe limit, we can calculate λ2 at critical tem-
perature as the minimum eigenvalue in Eq.(5.8), and
compute the critical temperature Tc by the relationship
between λ and Tc.
However, when considering the backreaction from
spacetime, we must face the troubling fact that g in
Eq.(5.5) include λ2 as κ 6= 0. In order to solve this diffi-
culty, authors in [8] express κ as
κn = n∆κ, n = 0, 1, 2 · ··, (5.9)
where ∆κ = κn+1 − κn and κ0 = 0, so we can use the
λ2|κn−1 to replace λ2 in g(r), which can be rewritten as
g ≈ 1
L2z2
− z
d−3
L2
− κ2n
(
λ2|κn−1
) d− 3
d− 2z
d−3 (1− zd−3) .
(5.10)
The authors of [8] got good results by using above
method, but the error between exact numerical values
and the values from above method are larger as κ in-
creases.
We want to use iteration method to improve above
method, so let’s consider the λ2|κn−1 (or directly λ2|κ0)
as the initial value of λ20 in g and then calculate the min-
imum eigenvalue of λ21 in Eq.(5.7), and substitute λ
2
1 into
Eq.(5.7) again to calculate the minimum eigenvalue λ22.
Using this iteration process, we can get λ2 as λ2i+1 ≈ λ2i .
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FIG. 4: The imaginary part of conductivity for the two operators O1 and O2 in rotating spacetime.
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FIG. 5: −ωImσ for the two operators O1 and O2 in rotating spacetime.
Next, from the relation between Tc and λ
2 we find
Tc =
1
4π
[
(d− 1)− κ2λ2 (d− 3)
2
d− 2
] (ρ
λ
) 1
d−2
. (5.11)
TABLE II: Comparing the Tc results of iteration method and
method of [8] with ∆κ = 0.025 in 5-dimensional AdS black
hole background, where m2L2 = −3
κ Iteration Method Method of [8] Numerical
0 0.1962ρ1/3 0.1962ρ1/3 0.1980ρ1/3
0.05 0.1934ρ1/3 0.1934ρ1/3 0.1953ρ1/3
0.10 0.1854ρ1/3 0.1853ρ1/3 0.1874ρ1/3
0.15 0.1726ρ1/3 0.1722ρ1/3 0.1748ρ1/3
0.20 0.1558ρ1/3 0.1549ρ1/3 0.1580ρ1/3
0.25 0.1361ρ1/3 0.1345ρ1/3 0.1382ρ1/3
0.30 0.1147ρ1/3 0.1123ρ1/3 0.1165ρ1/3
In Table II, the numerical results is exact [8][9]. we
compare the results of iteration method and the results
in [8], and find the values from iteration method is better.
In section VI, we will use the iteration method to an-
alytically research the holographic superconductor in a
rotating black string spacetime.
VI. ANALYTICAL INVESTIGATION OF
HOLOGRAPHIC SUPERCONDUCTORS WITH
BACKREACTIONS
The metric and electromagnetical potential of rotating
ADS black strings spacetime could be given by
ds2 = −f(r)
[
N(r)dt − ω
α2
dϕ
]2
+
dr2
f(r)
+r2 [N(r)dϕ − ωdt]2 + α2r2dz2,
dA = N(r)φ(r)dt − ω
α2
φ(r)dϕ, (6.1)
where ω is a constant which is determined by the rotating
parameter, and Λ = −3/α2 is the cosmological constant.
Without loss of generality, we set α = 1. According to
the calculation method in section II, the Hawking tem-
perature of black hole (6.1) is[6]
Th =
f ′(rh)
4ˆ̺π
, (6.2)
where ˆ̺ = NN2−ω2 . Now, let us substitute the metric
and electromagnetical potential in Eq.(6.1) into the holo-
graphic superconductor action (5.1), and from the varia-
7tion of the action (5.1), we get four field equations
κ2
[
2ω2φ2f ′N ′
r2ω2N − r2N3 +
2φ(r)2N ′′
(
r2N2 − ω2f)
r2 (N3 − ω2N)
+N ′
(
4φφ′
(
r2N2 − ω2f)
r2 (N3 − ω2N) −
4Nφ2
rω2 − rN2
)
+
2ω2
(
f − r2)φ2N ′2
r2 (ω2 −N2)2 + 4fψ
′2 − 4ψ
2φ2
f
+ 4m2ψ2
+φ
(
2φ′′ +
4φ′
r
)]
+ f ′′ +
4
r
f ′ +
2f
r2
− 12
+
N ′′
(−2r2f (ω2 − 2N2)+ ω2f2 + r4ω2)
r2 (N3 − ω2N)
−ω
2
(
f + r2
)2
N ′2
r2 (ω2 −N2)2 −
N ′
(
8fN2 − 4ω2f + 4r2ω2)
rω2N − rN3
+
N ′
[
2ω2f − 2r2 (ω2 − 2N2)]
r2 (N3 − ω2N) f
′ = 0, (6.3)
N ′′ +
N ′2
(
ω2f + r2N2 − κ2ω2φ2)
r2ω2N − r2N3
+
2κ2
(
N2 − ω2) (f2ψ′2 + ψ2φ2)
f2N
= 0 , (6.4)
φ′′ + φ′
(
2NN ′
N2 − ω2 +
2
r
)
− ω
2
(
r2 − f)N ′2
r2 (ω2 −N2)2
φ
+φ
(
NN ′′
N2 − ω2 −
2NN ′
rω2 − rN2 −
2ψ2
f
)
= 0 , (6.5)
ψ′′(r) +
ψ
(
φ2 −m2f)
f2
+ψ′
(
f ′
f
+
2NN ′
N2 − ω2 +
2
r
)
= 0 . (6.6)
The field φ must remain finite at event horizon, while as
r →∞, the boundary condition requires
ψ =
√
2〈O−〉
r∆−
+
√
2〈O+〉
r∆+
+ · · ·,
φ = µ− ρ
r
+ · · ·,
f = r2 + · · ·,
N = N0 + · · ·, (6.7)
where ρ and µ are, respectively, the charge density and
the chemical potential in the dual field theory and ∆± =
3
2 ±
√
9
4 +m
2 implying that ∆ satisfies 12 < ∆ < 3.
Please note that N0 = 1 + ω
2 according to the rotating
black string solution given in [4].
An effective analytic method proposed by Siopsis and
Therrien can be used to investigate the holographic su-
perconductor at the critical temperature [7]. According
to the procedure, we should change the radial coordinates
as z = rh/r, so that the field equations can be rewritten
as
κ2
{
2ω2z2φ2f,zN,z
ω2r2hN − r2hN3
+
2φ2N,zz
(
r2hN
2 − ω2z2f)
r2h (N
3 − ω2N)
+N,z
[
4φφ,z
(
r2hN
2 − ω2z2f)
r2h (N
3 − ω2N) −
4ω2zfφ2
r2h (N
3 − ω2N)
]
−2ω
2φ2N2,z
(
r2h − z2f
)
r2h (ω
2 −N2)2 −
4r2hψ
2φ2
z4f
+ 4fψ2,z
+
4m2r2hψ
2
z4
+ 2φφ,zz
}
+ f,zz
+f,z
[
N,z
(
2r2h
(
ω2 − 2N2)− 2ω2z2f)
r2hN (ω
2 −N2) −
2
z
]
+
z2N,zz
(
− 2fr
2
h(ω
2−2N2)
z2 + ω
2f2 +
ω2r4h
z4
)
r2h (N
3 − ω2N)
−ω
2N2,z
(
z2f + r2h
)2
z2r2h (ω
2 −N2)2 −
2ω2N,z
(
r4h − z4f2
)
z3r2h (N
3 − ω2N)
+
2
(
z2f − 6r2h
)
z4
= 0 , (6.8)
N,zz +
2N,z
z
+
N2,z
(
ω2z2f + r2hN
2 − κ2ω2 − z2φ2)
ω2r2hN − r2hN3
+
2κ2
(
N2 − ω2) (z4f2ψ2,z + r2hψ2φ2)
z4f2N
= 0 , (6.9)
φ
(
−ω
2N2,z
(
r2h − z2f
)
r2h (ω
2 −N2)2 −
2r2hψ
2
z4f
+
NN,zz
N2 − ω2
)
+
2NN,zφ,z
N2 − ω2 + φ,zz = 0 , (6.10)
ψ,z
(
f,z
f
+
2NN,z
N2 − ω2
)
+
r2hψ
(
φ2 −m2f)
z4f2
+ ψ,zz = 0 .
(6.11)
It is very difficulty to calculate the exact solution from
above equations, but considering the fact that the effect
from ψ is very small, at critical temperature we can ex-
pand f , N , φ, ψ and chemical potential µ as
ψ = ǫψ1 + ǫ
3ψ3 + ǫ
5ψ5 + · · ·,
φ = φ0 + ǫ
2φ2 + ǫ
4φ4 + · · ·,
f = f0 + ǫ
2f2 + ǫ
4f4 + · · ·,
N = N0 + ǫ
2N2 + ǫ
4N4 + · · ·,
µ = µ0 + ǫ
2µ2 + ǫ
4µ4 + · · ·, (6.12)
where ǫ = 〈O±〉 ≪ 1. Thus, the calculation accuracy is
enough to consider the first terms in Eq.(6.12).
8Near the critical temperature point, the scalar field ψ
vanish and we can use N0 to replace N , so that Eq.(6.10)
has the solution
At ≈ N0φ0 = λrhc(1− z), (6.13)
where λ = ρr−2hc , and the rhc is the event horizon position
at the critical temperature point. For convenience, we set
λˆ = λN0 and ρˆ =
ρ
N0
. Next, substituting Eq.(6.13) into
Eq.(6.8), we obtain
f0 = r
2
hc
[
z−2 − z + κ2λˆ2 z
2
(z − 1)
]
. (6.14)
Let us set ψ1 ∼ 〈O±〉r∆hc z
∆F0(z), so that Eq.(6.11) becomes
F0,zz +
(
f0,z
f0
+
2N0N0,z
N20 − ω2
+
2∆
z
)
F0,z
+
[
∆f0,z
zf0
− m
2r2hc
z4f
+
λˆ2(z − 1)2r4hc
z4f20
− 2∆N0N0,z
ω2z − zN20
+
(∆− 1)∆
z2
]
F0 = 0 (6.15)
Therefore, from the Sturm-Liouville eigenvalue problem,
we get, as in (5.7),
λ2 =
∫ 1
0
T0(F
′2
0 − U0F 20 )dz∫ 1
0 T0V0F
2
0 dz
, (6.16)
where
T0 = r
2
hcz
2∆
(
1
z2
+
1
2
κ2λˆ2(z − 1)z − z
)
,
U0 =
4(
κ2λˆ2z3 − 2 (z2 + z + 1)
)2 ,
V0 =
∆κ2λˆ2z3(−∆+∆z + z)− 2m2
κ2λˆ2z6 − z5
(
κ2λˆ2 + 2
)
+ 2z2
− 2∆
(
∆
(
z3 − 1)+ 3)
κ2λˆ2z6 − z5
(
κ2λˆ2 + 2
)
+ 2z2
, (6.17)
where we assume F (z) = 1− az2, so that we can use the
iteration method to calculate the solution for λ. Finally,
we can compute the temperature (6.2) by
Tc =
f ′0(rhc)
4̺0π
=
6− κ2λˆ2
8̺0π
rhc =
6− κ2λˆ2
8π̺0
√
ρ
λˆ
, (6.18)
where ̺0 =
N0
N20−ω2 . Comparing with the critical tem-
perature of statical black strings in [8], we found all the
correction of rotating parameter ω comes from ̺0, while
the process of calculating λˆ by Eq.(6.15) does not depend
on ω.
Now, we compare the analytical solution with the exact
numerical solution in Table III. Because the calculation
TABLE III: Comparing the Tc results of iteration method and
Numerical exact solution [8][9] in 4-dimensional AdS black
hole background as m2 = −2.
κ ∆ = 1 ∆ = 2
Analytical Numerical Analytical Numerical
0 0.2250ρ1/2 0.2255ρ1/2 0.1170ρ1/2 0.1184ρ1/2
0.05 0.2249ρ1/2 0.2253ρ1/2 0.1163ρ1/2 0.1177ρ1/2
0.10 0.2246ρ1/2 0.2250ρ1/2 0.1142ρ1/2 0.1156ρ1/2
0.15 0.2241ρ1/2 0.2245ρ1/2 0.1107ρ1/2 0.1121ρ1/2
0.20 0.2235ρ1/2 0.2239ρ1/2 0.1060ρ1/2 0.1074ρ1/2
0.25 0.2226ρ1/2 0.2230ρ1/2 0.1003ρ1/2 0.1017ρ1/2
0.30 0.2216ρ1/2 0.2220ρ1/2 0.0938ρ1/2 0.0951ρ1/2
of λˆ does not depend on rotating parameter, while cor-
rection of ω is included in ̺0, we can set ̺0 = 1 without
loss of generality.
On the other hand, we also calculate the Tc with dif-
ferent κ and ∆ in Table IV.
TABLE IV: Comparing the Tc results of iteration method
and Numerical exact solution in 4-dimensional AdS black hole
background, where ηˆ =
√
ρ
̺0
.
∆ κ = 0 κ = 0.1 κ = 0.2 κ = 0.3
0.6 0.4550ηˆ 0.4550ηˆ 0.4549ηˆ 0.4547ηˆ
0.8 0.2912ηˆ 0.2911ηˆ 0.2906ηˆ 0.2898ηˆ
1 0.2250ηˆ 0.2246ηˆ 0.2235ηˆ 0.2216ηˆ
1.2 0.1864ηˆ 0.1857ηˆ 0.1837ηˆ 0.1804ηˆ
1.4 0.1607ηˆ 0.1596ηˆ 0.1564ηˆ 0.1513ηˆ
1.6 0.1421ηˆ 0.1406ηˆ 0.1359ηˆ 0.1286ηˆ
1.8 0.1281ηˆ 0.1259ηˆ 0.1196ηˆ 0.1099ηˆ
2 0.1170ηˆ 0.1142ηˆ 0.1060ηˆ 0.0938ηˆ
2.2 0.1081ηˆ 0.1045ηˆ 0.0943ηˆ 0.0795ηˆ
2.4 0.1007ηˆ 0.0962ηˆ 0.0839ηˆ 0.0666ηˆ
2.6 0.0944ηˆ 0.0890ηˆ 0.0745ηˆ 0.0550ηˆ
2.8 0.0890ηˆ 0.0827ηˆ 0.0660ηˆ 0.0446ηˆ
The results show that the critical temperature Tc will
decrease as κ or ∆ increase, and from the relationship
ηˆ =
√
ρ
̺0
, we also find the effect of rotating parameter ω
also make the Tc decrease.
VII. CONCLUSIONS
We have considered holographic superconductors in
3+1 dimensional rotating black strings. The investiga-
tion shows that the Aϕ = Ω term can be ignored in 3+1
dimensional static spacetime. The effect from rotating
parameter a leads the real part of the conductivity to be
smaller as the rotation increases. On the other hand, the
frequency times the imaginary part increases in absolute
value. Superconductivity, however, remains. This may
9imply that the presence of spin can eventually minimize
superconductivity in a physical system.
On the other hand, we proposed an iteration method
to improve the analytical calculation for holographic su-
perconductors with backreactions, and it is proved that
we can use this method to get better results. We also use
this method to research the holographic superconductor
in a rotating spacetime, while the results denote that
the influence of rotating parameter mainly concentrate
on ̺0 terms, which could make the critical temperature
decrease. At the same time, the backreactions also could
lead Tc to decrease.
The spacetime we considered in this paper is rotating
black strings spacetime, while it could be more meaning-
ful to study further rotating black hole case. Some work
about superconducting instability of Kerr-Newmann-de
Sitter black hole appeared in [10]. Further work on the
holographic superconductor in Kerr-Newmann-de Sitter
spacetime is under way. On the other hand, recently
Horˇava proposed a new gravity theory, Horˇava-Lifshitz
gravity [11], which could solve several difficulty in quan-
tum gravity and cosmology such as dark energy and dark
matter, and our works [12] have proved this theory sat-
isfy the results of post-Newtonian approximations, so it
will be very interesting to research the holographic super-
conductors in Horˇava-Lifshitz gravity with backreactions.
Further study is under way.
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